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ON DERIVED FUNCTORS OF GRADED LOCAL
COHOMOLOGY MODULES
TONY J. PUTHENPURAKAL AND JYOTI SINGH
Abstract. Let K be a field of characteristic zero and let R = K[X1, . . . , Xn],
with standard grading. Let m = (X1, . . . , Xn) and let E be the ∗injective hull
of R/m. Let An(K) be the nth Weyl algebra over K. Let I, J be homogeneous
ideals in R. Fix i, j ≥ 0 and setM = HiI(R) and N = H
j
J(R) considered as left
An(K)-modules. We show the following two results for which no analogous
result is known in characteristic p > 0.
(1) Hl
m
(TorRν (M,N))
∼= E(n)al,ν for some al,ν ≥ 0.
(2) For all ν ≥ 0; the finite dimensional vector space Tor
An(K)
ν (M
♯, N) is
concentrated in degree −n (hereM♯ is the standard right An(K)-module
associated to M).
We also conjecture that for all i ≥ 0 the finite dimensional vector space
Exti
An(K)
(M,N) is concentrated in degree zero. We give a few examples
which support this conjecture.
1. Introduction
1.1. Setup: Let K be a field of characteristic zero and let R = K[X1, . . . , Xn]. We
give the standard grading on R. Let m = (X1, . . . , Xn) and let E be the
∗injective
hull of R/m. Let An(K) = K < X1, . . . , Xn, ∂1, . . . , ∂n > be the n
th Weyl algebra
over K. We can consider An(K) graded by giving degXi = 1 and deg ∂i = −1 for
i = 1, . . . , n. Let I, J be homogeneous ideals in R. By a result due to Lyubeznik,
see [3, 2.9], for each i ≥ 0 the local cohomology module HiI(R) is a graded left
holonomic An(K)-module. Fix i, j ≥ 0. Set M = HiI(R) and N = HjJ(R). Set M ♯
to be the standard right An(K)-module associated to M , see 2.6.
A few years ago the first author proved that the De Rham cohomology
Hν(∂,HiI(R)) is concentrated in degree −n for each ν ≥ 0. For all ν ≥ 0 there is a
graded isomorphism
( *) Hν
(
∂,HiI(R)
) ∼= TorAn(K)n−ν (Rr, HiI(R)).
where Rr is R considered as a right An(K)-module by the isomorphism R
r =
An(K)/(∂)An(K). Consider
lR to be R considered as a left An(K)-module via the
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isomorphism lR ∼= An(K)/An(K)(∂). It is elementary to note that (lR)♯ ∼= Rr.
We also note that H0(0)(R) =
lR. Our first result is a considerable generalization
of (∗).
Theorem 1.2. [with hypotheses as in 1.1] Fix ν ≥ 0. Then the graded K-vector
space TorAn(K)ν (M
♯, N) is concentrated in degree −n, i.e., TorAn(K)ν (M ♯, N)j = 0
for all j 6= −n.
Remark 1.3. We should note that M ♯ is a holonomic right An(K)-module. So by
[1, 1.6.6], TorAn(K)ν (M
♯, N) is a finite dimensional K-vector space.
By a remarkable result of Ma and Zhang [4, 1.2], if M = HiI(R) is supported at
m then M ∼= E(n)l for some l ≥ 0 (this result also holds in characteristic p > 0).
Our next result is a considerable generalization of this fact.
Theorem 1.4. [with hypotheses as in 1.1.] Fix ν ≥ 0. If TorRν (M,N) is supported
at m then TorRν (M,N)
∼= E(n)l for some l ≥ 0. In particular if
√
I + J = m then
for all ν ≥ 0 there exists lν ≥ 0 such that TorRν (M,N) ∼= E(n)lν .
In view of Theorems 1.2 and 1.4 a natural question is to investigate
ExtνAn(K)(H
i
I(R), H
j
J (R)) for ν ≥ 0. We note that by Bjork [1, 2.7.15 & 1.6.6]
this is a finite dimensional K-vector space. Although we are unable to resolve this
question, we make the following:
Conjecture 1.5. [with hypotheses as in 1.1.] Fix ν ≥ 0. The graded K-vector
space ExtνAn(K)(M,N) is concentrated in degree zero, i.e., Ext
ν
An(K)(M,N)j = 0
for j 6= 0.
We give evidence which support this conjecture.
1.6. Techniques used to prove our results
Ma and Zhang, [4], introduced the notion of Eulerian D-modules both in charac-
teristic zero and in characteristic p (here D is the ring of differential operators on
K[X1, . . . , Xn]). They showed that the local cohomology module H
i
I(R) is Eulerian
for all i ≥ 0. Unfortunately however the class of Eulerian D-modules is not closed
under extensions (see 3.5(1) in [4]). To rectify this the first author introduced the
notion generalized Eulerian D-modules (in characteristic zero). We prove Theo-
rem’s 1.2 and 1.4 in the general context of graded Lyubeznik functor’s on ∗Mod(R)
(see Section 2 for definition of graded Lyubeznik functor).
In characteristic p > 0, Ma and Zhang proved a considerably stronger result.
They showed that every graded F -module is Eulerian (see Theorem 4.4 in [4]). So
if T is any graded Lyubeznik functor on ∗Mod(R) then T (R) is Eulerian. As a
consequence, we have Hi
m
T (R) ∼= E(n)ai for some ai ≥ 0. A natural question
is what happens when char(K) = 0. Note that in char p > 0, Ma and Zhang
[4] essentially use the Frobenius which is unavailable in characteristic zero. It is
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perhaps hopeless to determine whether T (R) is Eulerian in characteristic zero. An
essential obstruction is that Eulerian D-module are not closed under extensions.
Our third result is
Theorem 1.7. [with hypotheses as in 1.1.] Let T be a graded Lyubeznik functor
on ∗Mod(R). Then T (R) is a generalized Eulerian An(K)-module.
Let Hν(∂r, ∂r+1, . . . , ∂n, V ) (H
ν(Xr, . . . , Xn, V )) be the ν
th partial De Rham
(and Koszul) cohomology of an An(K)-module V . Notice they are graded An(K)-
modules if V is a gradedAn(K)-module. The essential technique to prove Theorems
1.2 and 1.4 is the following result:
Theorem 1.8. Let V be a generalized Eulerian An(K)-module. Then for r ≥ 1
(1) Hν(∂r, ∂r+1, . . . , ∂n;V )(−n+ r− 1) is a generalized Eulerian module Ar−1(K)
for all ν ≥ 0.
(2) Hν(xr , . . . , xn;V ) is a generalized Eulerian Ar−1(K) module for all ν ≥ 0.
(3) Hν(x1, . . . , xr−1, ∂r, ∂r+1, . . . , ∂n;V ) is a K-vector space concentrated in degree
−n+ r − 1
Here is an overview of the contents of the paper. In section two we discuss a
few preliminaries that we need. In the next section we discuss some properties of
generalized Eulerian modules. In particular we show that (homogeneous) localiza-
tion of generalized Eulerian modules are generalized Eulerian. In section four we
prove Theorem 1.7 and give some easy corollaries of this result. In section five we
investigate Koszul homology of genaralized Eulerian modules. An easy consequence
of our result is that if a generalized Eulerian An(K)-moduleM is finitely generated
as an R-module then it is either zero or Rm for some m ≥ 1. We also indicate a
proof of Theorem 1.8. In section six we prove Theorem 1.4. In the next section we
prove Theorem 1.2. Finally in section eight we give evidence to support Conjecture
1.5.
2. Preliminaries
In this section, we discuss a few preliminary result that we need. Let K be
a field (not necessarily of characteristic zero) and let R = K[X1, . . . , Xn] with
standard grading. Let m = (X1, . . . , Xn) and let E be the injective hull of R/m.
Let ∗Mod(R) denote the category of graded R-modules.
2.1. Graded Lyubeznik functors:
In this subsection, we define graded Lyubeznik functors. We say Y is homoge-
neous closed subset of Spec(R) if Y = V (f1, . . . , fs), where f
′
is are homogeneous
polynomials in R.
We say Y is a homogeneous locally closed subset of Spec(R) if Y = Y ′′ − Y ′,
where Y ′, Y ′′ are homogeneous closed subset of Spec(R). We have an exact sequence
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of functor’s on ∗Mod(R):
(1) HiY ′(−) −→ HiY ′′(−) −→ HiY (−) −→ Hi+1Y ′ (−).
Definition 2.2. A graded Lyubeznik functor T is a composite functor of the form
T = T1 ◦ T2 ◦ . . . ◦ Tk, where each Tj is either HiYj (R), where Yj is a homogeneous
locally closed subset of Spec(R) or the kernel of any arrow appearing in (1) with
Y ′ = Y ′j and Y
′′ = Y ′′j , where Y
′
j ⊂ Y ′′j are two homogeneous closed subsets of
Spec(R).
We now assume that characteristic of K is zero.
Let An(K) be the n
th Weyl algebra over K. Set deg ∂i = −1. So An(K) is a
graded ring with R as a graded subring.
Remark 2.3. Although many results are stated for de Rham cohomology of a
An(K)-module M , we will actually work with de Rham homology. Let S =
K[∂1, . . . , ∂n]. Consider it as a subring of An(K). Then note that Hi(∂;M) is the
ith Koszul homology module of M with respect to ∂. More generally if u1, . . . , ul
are commuting elements in An(K) then we can consider the subring K[u1, . . . , ul]
of An(K) and consider the Koszul homology Hi(u1, . . . , ul;M) for all i ≥ 0.
2.4. Koszul homology: Let M be a graded An(K)-module (not necessarily
finitely generated). Let u1, . . . , uc be homogeneous commuting elements in An(K).
Let Hi(u1, . . . , uc;M) be the i
th Koszul homology module of M with respect to
u1, . . . , uc (with its natural grading). The following result is well-known.
Lemma 2.5. Let u = ur, ur+1, . . . , uc and let u
′ = ur+1, . . . , uc. Let M be a
graded left An(K)-module. Consider the (commutative) subring S = K[u1, . . . , ul]
of An(K). For each i ≥ 0 there exists an exact sequence of graded S-modules.
0→ H0(ur;Hi(u′;M))→ Hi(u;M)→ H1(ur;Hi−1(u′;M))→ 0.
2.6. Standard method for converting left An(K)-modules into right modules and
vice-versa: Consider the anti-isomorphism τ : An(K) → An(K) where τ(h∂α) =
(−1)|α|∂αh (here h ∈ R). Notice τ2 = 1 and τ(uv) = τ(v)τ(u) for all u, v ∈ An(K).
Let M be a left An(K)-module, Consider M
♯ which is M as an abelian group.
However M ♯ is given a right An(K)-module structure as follows:
m ◦ u = τ(u)m for m ∈M and u ∈ An(K).
Similarly if N is right An(K)-module then using τ we can naturally define a left
An(K)-module
♯N . If M is a left An(K)-module then it is trivial to check that
♯(M ♯) ∼=M .
Finally if M =
⊕
i∈ZMi is a graded left An(K)-module then M
♯ is also graded
with M ♯ =
⊕
i∈ZMi.
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Example: Let lR = An(K)/An(K)∂ be R considered as a left An(K)-module.
Also let Rr = An(K)/∂An(K) be R considered as a right An(K)-module. It is not
difficult to prove that lR♯ ∼= Rr as right An(K)-modules.
3. generalized Eulerian An(K)-modules
In this section, we recall the notion of generalized Eulerian An(K)-modules from
[6]. The main result of this section is that localization of graded generalized Euler-
ian An(K)-modules (with respect to a multiplicatively closed set of homogeneous
elements) are generalized Eulerian.
Let K be a field of characteristic zero and let R = K[X1, . . . , Xn] with standard
grading. Let An(K) be the n
th Weyl algebra over K. Set deg ∂i = −1. So An(K)
is a graded ring with R as a graded subring. The Euler operator, denoted by En,
is defined as
EX,n = En :=
n∑
i=1
Xi∂i.
Note that deg En = 0. Let M be a graded An(K)-module. If m ∈M is homoge-
neous element, set |m| = degm.
Definition 3.1. Let M be a graded An(K)-module. We say M is an Eulerian
An(K)-module if for any homogeneous z in M we have
Enz = |z| · z.
Clearly R is an Eulerain An(K)-module.
Definition 3.2. A graded An(K)-module M is said to be generalized Eulerian if
for any homogeneous element z of M there exists a positive integer a (depending
on z) such that
(En − |z|)a · z = 0.
The following properties of generalized Eulerian modules were proved in [6].
Property 3.3 (Proposition 2.1 in [6]). Let 0 → M1 α1→ M2 α2→ M3→0 be a short
exact sequence of graded An(K)-modules. Then M2 is generalized Eulerian if and
only if M1 and M3 are generalized Eulerian.
IfM is graded An(K)-module, then for l ∈ Z the modulesM(l) denotes the shift
of M by l; that is, M(l)n =Mn+l for all n ∈ Z.
Property 3.4 (Proposition 2.2 in [6]). Let M be a non-zero generalized Eulerian
An(K)-module. Then the shifted moduleM(l) is not a generalized EulerianAn(K)-
module for l 6= 0.
The goal of this section is to prove that localization of a generalized Eulerian
An(K)-module is generalized Eulerian. We first prove:
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Lemma 3.5. Let M be a graded An(K)-module. Consider a homogeneous polyno-
mial f ∈ R and let w be a homogeneous element of M . Then
(En − |w|+ |f |)w
f
=
1
f
(En − |w|)w.
Proof. First we compute
Enw
f
=
∑
xi∂i(
w
f
),
=
∑
xi
(
f∂i(w) − ∂i(f)w
f2
)
,
= f
f2
(
∑
xi∂i(w)) − 1
f2
(
∑
xi∂i(f))w,
=
1
f
Enw − 1
f2
(|f | · f)w,
=
1
f
(En − |f |)w.
Now we have
(En − |w|+ |f |)wf =
1
f
(En − |f |)w − (|w| − |f |)w
f
,
= 1
f
Enw − |w|f w,
= 1
f
(En − |w|)w.
This finishes the proof. 
We now extend the previous result:
Lemma 3.6. Let M be a graded An(K)-module. Consider a homogeneous polyno-
mial f ∈ R and let z be a homogeneous element of M . Then
(En − |z|+ |f |)n z
f
=
1
f
(En − |z|)nz, for all n ≥ 1.
Proof. We prove this result by induction on n. By Lemma 3.5, the result is true
for n = 1. Now we assume for n = r, so we have
(En − |z|+ |f |)r z
f
=
1
f
(En − |z|)rz,
for all r ≥ 1. Put w = (En − |z|)rz. We observe that En − |z| is homogeneous of
degree 0. This implies that
deg(En − |z|)r = 0.
Hence
|w| = |z|.
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Now we have
(En − |z|+ |f |)r+1 zf = (En − |z|+ |f |)(En − |z|+ |f |)r zf ,
= (En − |z|+ |f |)wf ,
= (En − |w|+ |f |)w
f
,
= 1
f
(En − |w|)w (by Lemma 3.5),
= 1
f
(En − |z|)(En − |z|)rz,
= 1
f
(En − |z|)r+1z.
So the result holds by induction.

Corollary 3.7. Let M be a generalized Eulerian An(K)-module. Then S
−1M is
also a generalized Eulerian An(K)-module for each homogeneous system S ⊆ R. In
particular, Mf is generalized Eulerian for each homogeneous polynomial f ∈ R.
Proof. Let z ∈ M be homogeneous and let f ∈ S. Put ξ = z
f
, so |ξ| = |z| − |f |.
Since M is generalized Eulerian, so (En − |z|)az = 0 for some a ≥ 1. Now we have
(En − |z|+ |f |)a z
f
=
1
f
(En − |z|)az,
=
1
f
· 0,
= 0.
This implies that
(En − |ξ|)aξ = 0.
Thus S−1M is generalized Eulerian An(K)-module. 
Corollary 3.8. Let I = (f1, . . . , fs) be a homogeneous ideal in R with f
′
is are
homogeneous polynomials in R. Let M be a generalized Eulerian An(K)-module.
Then HiI(M) is a generalized Eulerian An(K)-module for all i ≥ 0.
Proof. Let C. be the Cˇech complex of M with respect to f1, . . . , fs. This is a com-
plex of graded An(K)-modules. By Corollary 3.7, Mf1,...,fs is generalized Eulerian.
So each module Cj in C. is generalized Eulerian. So by Property 3.3, HiI(M) is a
generalized Eulerian An(K)-module for all i ≥ 0.

Our final result is that the Eulerian operator is stable under a linear change of
variables.
3.9. For i = 1, . . . , n let Yi =
∑n
j=1 bijXj be a linear change of variables. Set
B = (bij). Furthermore set X = (X1, . . . , Xn)
tr and Y = (Y1, . . . , Yn)
tr. Set
∂X = (∂/∂X1, · · · , ∂/∂Xn)tr and ∂Y = (∂/∂Y1, · · · , ∂/∂Yn)tr.
Let EX = Xtr∂X be the Eulerian operator with respect to X and let EY be the
Eulerian operator with respect to Y. We have
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Proposition 3.10. (with hypotheses as in 3.9)
EX = EY .
Proof. It can be easily verified that ∂X = B
tr∂Y . Now notice
EX = Xtr∂X
= Ytr(B−1)trBtr∂Y
= Ytr∂Y
= EY .

4. proof of Theorem 1.7
In this section we give a proof of Theorem 1.7. We also give a few applications.
Proof of Theorem 1.7. It suffices to show that if T is a graded Lyubeznik functor
and M is graded generalized Eulerian An(K)-modules, then so is T (M). Since
T = T1 ◦ T2 ◦ . . . ◦ Ts, by induction it is enough to show that Ti(M) is a generalized
Eulerian An(K)-module. But Ti(M) is a graded An(K)-submodule of HiY (M),
where Y is locally closed homogeneous closed subset of Spec(R). By Property 3.3,
it suffices to show that HiY (M) is generalized Eulerian. Let Y = Y
′′ − Y ′, where
Y ′, Y ′′ are homogeneous closed sets of Spec(R). Then we have an exact sequence
of graded An(K)-modules
(2) HiY ′(M) −→ HiY (M) −→ Hi+1Y ′′ (M).
By Corollary 3.8, HiY ′(M) and H
i+1
Y ′′ (M) are generalized Eulerian An(K)-modules.
Thus by Property 3.3, HiY (M) is generalized Eulerian An(K)-module.

Remark 4.1. Let E be ∗injective hull of R/m. By Theorem 1.1(2) in [4], E(n) is
an Eulerian An(K)-module.
Corollary 4.2. Let K be a field of characteristic zero. Let R = K[X1, . . . , Xn]
be standard graded. Let T be a graded Lyubeznik functor on ∗Mod(R). Then
Hi
m
T (R) = E(n)ai for some ai ≥ 0.
Proof. By Proposition 5.5 in [4],
Hi
m
(T (R)) ∼= ⊕∗jE(nj).
By Lyubeznik’s result (Corollary 2.14 in [3]), the number of copies of E(nj) will
be finite. Note Hi
m
◦ T is a Lyubeznik functor. By Theorem 1.7, ⊕jE(nj) is a
generalized Eulerian An(K)-module. Thus E(nj) is generalized Eulerian. So by
Property 3.4, nj = n. Hence we have H
i
mT (R) = E(n)ai for some ai ≥ 0.

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An easy consequence of Theorem 3.1 in [6] is
Corollary 4.3. Let K be a field of characteristic zero. Let R = K[X1, . . . , Xn] be
standard graded. Let T be a graded Lyubeznik functor on ∗Mod(R). Then de Rham
cohomology module Hj(∂, T (R)) is concentrated in degree −n, i.e.,
Hj(∂, T (R))m = 0, for m 6= −n.
Remark 4.4. For Corollary 4.3, note that T (R) is a holonomic An(K)-module.
So Hj(∂, T (R)) is a finite dimensional K-vector space (see Theorem 6.1 of Chapter
1 in [1]).
5. Koszul homology of generalized Eulerian modules
The main result of this section is the following:
Theorem 5.1. Let M be a generalized Eulerian-An(K)-module. Then
Hi(X1, . . . , Xn;M) is concentrated in degree zero.
We also give a proof of Theorem 1.8.
Remark 5.2. Note that if N is a holonomic An(K)-module, then Hi(X ;N) are
finite dimensional vector space. This follows by similar way to Bjo¨rk’s proof to
show that De Rham cohomology of holonomic module is finite dimensional (see
Theorem 6.1 of Chapter 1 in [1]).
Before proving Theorem 5.1, we need to prove a few preliminary results.
Proposition 5.3. Let M be a generalized Eulerian An(K)-module. Then
H1(Xn;M) and H0(Xn;M) are generalized Eulerian An−1(K)-modules.
Proof. We have an exact sequence of An−1(K)-modules
0 −→ H1(Xn;M) −→M(−1) Xn−→M −→ H0(Xn;M) −→ 0.
Let u ∈ H1(Xn;M) be homogeneous of degree r. So we have to prove that
(En−1 − r)au = 0 for some a ≥ 1.
Notice that u ∈M(−1)r =Mr−1. As M is generalized Eulerian, we have
(En − (r − 1))bu = 0 for some b ≥ 1.
Since ∂nXn −Xn∂n = 1, we can write
En = En−1 + ∂nXn − 1.
Now we have
(En−1 − r + ∂nXn)bu = 0.
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Note that ∂nXn commutes with En−1. Thus
0 = (En−1 − r + ∂nXn)bu = (En−1 − r)bu+ (∗)∂nXnu = (En−1 − r)bu+ αXnu,
where α ∈ An(K). Since Xnu = 0, we get
(En−1 − r)bu = 0.
It follows that H1(Xn;M) is generalized Eulerian An−1(K)-module.
Let v ∈ H0(Xn;M) be homogeneous of degree s. Then v = m +XnM, where
m ∈M of degree s. Because M is generalized Eulerian, we get
(En − s)am = 0 for some a ≥ 1.
(En−1 − s+Xn∂n)am = 0.
Note that Xn∂n commutes with En−1. Thus
0 = (En−1 − s+Xn∂n)am = (En−1 − s)am+Xn · (∗)m = (En−1 − s)am+Xnαm,
where α ∈ An(K). Going mod XnM , we get
(En−1 − s)av = 0.
It follows that H0(Xn;M) is generalized Eulerian An−1(K)-module.

Theorem 5.4. Let M be a generalized Eulerian An(K)-module. Then for i ≥ 2
and for each j ≥ 0, the de Rham homology module Hj(Xi, Xi+1, . . . , Xn;M) is a
generalized Eulerian Ai−1(K)-module.
Proof. We prove the result by descending induction on i. For i = n, the result
holds for Proposition 5.3. Set X = Xi, Xi+1, . . . , Xn and X
′ = Xi+1, . . . , Xn. By
induction hypothesis, Nj = Hj(X
′;M) are generalized Eulerian Ai(K)-module. By
Proposition 5.3 again, for j′ = 0, 1 and for each j ≥ 0, Hj′(Xi;Nj) are generalized
Eulerian Ai−1(K)-modules. By Lemma 2.5, we have the exact sequence
0→ H0(Xi;Nj)→ Hj(X ;M)→ H1(Xi;Nj−1)→ 0.
Since the modules at the left and the right end are generalized Eulerian, by Property
3.3 it follows that for each j ≥ 0 the de Rham homology module Hj(X ;M) is a
generalized Eulerian Ai−1(K)-module. 
Finally we show:
Proposition 5.5. Let M be a generalized Eulerian A1(K)-module. Then the mod-
ules H0(X1;M) and H1(X1;M) are concentrated in degree 0.
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Proof. We have an exact sequence of K-vector spaces
0 −→ H1(X1;M) −→M(−1) X1−→M −→ H0(X1;M) −→ 0.
Let ξ ∈ H1(X1;M)(1) be homogeneous and nonzero. Since ξ ∈ M and M is a
generalized Eulerian A1(K)-module, we have
(X1∂1 − |ξ|)aξ = 0 for some a ≥ 1.
Note that (X1∂1 − |ξ|)a = (∂1X1 − 1− |ξ|)a = (∗)X1 + (−1)a(1 + |ξ|)a. Thus
αX1ξ + (−1)a(1 + |ξ|)aξ = 0,
where α ∈ A1(K). Since X1ξ = 0 and ξ 6= 0, we get |ξ| = −1. It follows that
H1(X1;M) are concentrated in degree 0.
Let ξ ∈ H0(X1;M) be nonzero and homogeneous of degree r. Then ξ = m +
X1M, where m ∈M of degree r. Since M is generalized Eulerian, we get
(X1∂1 − r)am = 0 for some a ≥ 1.
X1 · (∗)m+ (−1)aram = 0.
In M/X1M , we have (−1)araξ = 0. Because ξ 6= 0, we get r = 0. It follows that
H0(X1;M) are concentrated in degree 0.

Now we give the following:
Proof of Theorem 5.1. Set X ′ = X2, . . . , Xn. By Proposition 5.4, Nj = Hj(X
′;M)
is generalized Eulerian A1(K)-module, for each j ≥ 0. By Lemma 2.5, we have
0→ H0(X1;Nj)→ Hj(X ;M)→ H1(X1;Nj−1)→ 0.
for each j ≥ 0. By Proposition 5.5, the modules on the left and right of the above
exact sequence are concentrated in degree 0. It follows that for each j ≥ 0 the
K-vector space Hj(X ;M) is also concentrated in degree 0.

A surprising consequence of Theorem 5.1 is the following:
Corollary 5.6. Let M be a generalized Eulerian An(K)-module. If M is also
finitely generated as an R-module, then M = 0 or M = Rm for some m ≥ 1.
Proof. Suppose M 6= 0. By Theorem 5.1, we have
H0(X1, . . . , Xn;M)j = 0 for j 6= 0.
In particular M/(X)M is concentrated in deg 0. By graded Nakayama’s Lemma,
we have a surjective minimal map
Rm
φ→M → 0.
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Consider N = Kerφ. If N 6= 0, then as φ is minimal Nj = 0 for j ≤ 0. This forces
H1(X1, . . . , Xn;M)j 6= 0 for some j > 0. But this is a contradiction. So N = 0.
This implies that M = Rm. 
Finally we indicate
Proof of Theorem 1.8. (1) This follows from Proposition 3.4 in [6].
(2) This follows from Theorem 5.4.
(3) This follows from (1), (2) and Lemma 2.5. 
6. Proof of Theorem 1.4
In this section we state and prove a more general result which implies Theorem
1.4.
6.1. We recall a construction from [1, p. 18] which shows that if M,N are An(K)-
modules then for all ν ≥ 0 the R-module TorRν (M,N) has a natural structure of a
left An(K)-module. We first note thatM⊗RN is an An(K)-module with following
action of ∂i:
∂i(m⊗ n) = (∂im)⊗ n+m⊗ (∂in).
Now consider a free resolution of the left An(K)-module M
F : · · · → Fn → · · · → F1 → F0 →M → 0
where Fi are free An(K)-modules. We note that as An(K) is a free R-module
the complex F is a resolution of M by free R-modules. It is now clear that
TorRν (M,N) = Hν(F ⊗R N) have natural structure of An(K)-modules. By Theo-
rem 1.6.4 [1]; if M,N are holonomic An(K) modules then so is Tor
R
ν (M,N) for all
ν ≥ 0
6.2. If M,N are graded An(K)-modules, then we can choose F to be a graded
free resolution of M (by graded free An(K)-modules). So Tor
R
ν (M,N) are graded
An(K)-modules.
The main result of this section is
Theorem 6.3. Let M,N be graded generalized Eulerian An(K)-modules. Then
TorRν (M,N) is generalized Eulerian for all ν ≥ 0.
Remark 6.4. The proof of Theorem 6.3 will show that even if M,N are Eulerian
An(K)-modules it does NOT follow that Tor
R
ν (M,N) are Eulerian.
We now give
Proof of Theorem 6.3. We proceed on the lines of argument given in the proof of
Theorem 1.6.4 given in [1].
Let T = An(K) = K < X1, · · · , Xn, ∂1, · · · , ∂n > be the original ring we
are considering. Let T ′ = K < Y1, · · · , Yn, δ1, . . . , δn > where δj = ∂/∂Yj be
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another copy of An(K). Also consider the Weyl algebra S = A2n(K) = K <
X1, · · · , Xn, Y1, · · · , Yn, ∂1, · · · , ∂n, δ1, . . . , δn >, here ∂i = ∂/∂Xi and δj = ∂/∂Yj.
We consider N as T ′-module with action of Yj to be identical as that of Xj .
Now M ⊗K N can be given a left S-module structure as follows
Xi(m⊗ n) = (Xim)⊗ n, Yj(m⊗ n) = m⊗ (Yjn)
∂i(m⊗ n) = (∂im)⊗ n, δj(m⊗ n) = m⊗ (δjn).
Then Bjo¨rk gives a an isomorphism
(∗) TorRν (M,N) ∼= Hν(Y1 −X1, . . . Yn −Xn,M ⊗K N).
(HereM⊗KN is considered as a S-module and Hν(Y1−X1, . . . Yn−Xn,M⊗KN) is
the νth-Koszul homology of the S-moduleM⊗KN with respect to Y1−X1, . . . , Yn−
Xn.
Important Observations:
(1) If M,N are graded T -modules then M ⊗K N is a graded S-module.
(2) The isomorphism (∗) is graded and of degree zero.
Claim: If M,N are generalized Eulerian T -modules then M ⊗K N is a generalized
Eulerian S-module.
Note N is a generalized Eulerian T ′-module. Let u = m⊗ n where m ∈M and
n ∈ N are homogeneous. Note |u| = |m| + |n|. Let EX = Xtr∂X be the Eulerian
operator with respect to X and let EY be the Eulerian operator with respect to Y.
As M is a generalized Eulerian T -module and N is a generalized Eulerian T ′-
module there exists a, b ≥ 1 such that
(EX − |m|)am = 0 and (EY − |n|)bn = 0.
Set α = EX − |m| and β = EY − |n|. Note EX + EY is the Eulerian operator on S.
Further note that EX , EY commute with each other. So α, β commute with each
other.
We now observe that
(α+ β)a+b+1m⊗ n =
(
a+b+1∑
k=0
(
a+ b+ 1
k
)
αa+b+1−kβk
)
(m⊗ n)
=
a+b+1∑
k=0
((
a+ b+ 1
k
)
αa+b+1−kβk · (m⊗ n)
)
=
a+b+1∑
k=0
(
a+ b+ 1
k
)(
(αa+b+1−km)⊗ (βkn))
= 0.
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(The last equality holds since for all k with 0 ≤ k ≤ a+ b + 1 we have that either
a + b + 1 − k ≥ a OR k ≥ b). It follows that M ⊗K N is a generalized Eulerian
S-module.
Consider the change of variables Zi = Xi for i = 1, . . . , n and Zn+j = Xj − Yj
for j = 1, . . . , n. By 3.10 and Theorem 1.8(2) it follows that
Hν(Zn+1, . . . , Z2n;M⊗KN) is a generalized Eulerian T -module. So by (∗) it follows
that TorRν (M,N) is a generalized Eulerian T -module for all ν ≥ 0. 
Immediately we get the following result which contains Theorem 1.4 as a special
case.
Theorem 6.5. Let K be a field of characteristic zero. Let R = K[X1, . . . , Xn]
be standard graded. Let T ,G be graded Lyubeznik functor’s on ∗Mod(R). Then
TorRν (F(R),G(R)) is a holonomic generalized Eulerian An(K)-module for all ν ≥ 0.
In particular Hi
m
(TorRν (F(R),G(R))) ∼= E(n)ai,ν for some (finite) ai,ν ≥ 0.
Proof. By Lyubeznik [3, 2.9], we get that F(R),G(R) are holonomic An(K) mod-
ules. So by [1, 1.6.4] we get that TorRν (F(R),G(R)) is a holonomic An(K)-module.
By 1.7 we get that F(R),G(R) are generalized Eulerian An(K)-modules. So by
Theorem 6.3 we get that TorRν (F(R),G(R)) is a generalized EulerianAn(K)-module
for all ν ≥ 0.
Notice Hi
m
(−) is also a graded Lyubeznik functor. In particular
Hi
m
(TorRν (F(R),G(R))) is also a generalized Eulerian An(K)-module. Furthermore
it is a holonomic An(K)-module. It follows that H
i
m
(TorRν (F(R),G(R))) ∼= E(n)ai,ν
for some (finite) ai,ν ≥ 0. 
7. Proof of Theorem 1.2
In this section we state and prove a more general result which implies Theorem
1.2. This result follows easily from Theorem 7.1.
LetM be a left An(K)-module. Set M
♯ to be the standard right An(K)-module
associated to M , see 2.6. The main result of this section is
Theorem 7.1. Fix ν ≥ 0. LetM,N be holonomic generalized Eulerian left An(K)-
modules. Then TorAn(K)ν (M
♯, N) is concentrated in degree −n, i.e.,
TorAn(K)ν (M
♯, N)j = 0 for j 6= −n.
Proof. We have to first carefully de-construct the proof by Bjo¨rk, (see proof of
Theorem 1.6.6, [1]) showing that if U is a holonomic right An(K)-module and
V is a holonomic left An(K)-module then Tor
An(K)(U, V ) is a finite dimensional
K-vector space for all ν ≥ 0.
As in Theorem 6.5 we consider the following Weyl-algebra’s:
(a) T = An(K) = K < X1, · · · , Xn, ∂1, · · · , ∂n > be the original ring we are
considering.
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(b) Let T ′ = K < Y1, · · · , Yn, δ1, . . . , δn > where δj = ∂/∂Yj be another copy of
An(K).
(c) Also consider the Weyl algebra
S = A2n(K) = K < X1, · · · , Xn, Y1, · · · , Yn, ∂1, · · · , ∂n, δ1, . . . , δn >,
here ∂i = ∂/∂Xi and δj = ∂/∂Yj.
We consider V as T ′-modules with action of Yj to be identical as that of Xj.
Now U ⊗K V can be given a left S-module structure as follows
(1) Xi(u⊗ v) = (Xiu)⊗ v,
(2) Yj(u⊗ v) = u⊗ (vn),
(3) ∂i(u⊗ v) = −(u∂i)⊗ v,
(4) δj(u⊗ v) = m⊗ (δjn).
The minus sign in (3) is essential if we have to give left S-module structure on
U ⊗K V . In proof of Theorem [1, 1.6.4] it is shown that U ⊗K V is a holonomic
S-module.
Now if we give M ♯ ⊗K N the left S-module structure as above then only action
(3) deserves a comment. Notice
∂i(m⊗ n) = −(m∂i)⊗ n,
= −(τ(∂i)m)⊗ n,
= −(−∂im)⊗ n,
= (∂im)⊗ n.(†)
Claim: If M,N are generalized Eulerian T -modules then M ♯ ⊗K N is a gener-
alized Eulerian S-module.
Note N is a generalized Eulerian T ′-module.
As M is a generalized Eulerian T -module and N is generalized Eulerian T ′-
module there exists a, b ≥ 1 such that
(EX − |m|)am = 0 and (EY − |n|)bn = 0.
Set α = EX − |m| and β = EY − |n|. Note EX + EY is the Eulerian operator on S.
Further note that EX , EY commute with each other. So α, β commute with each
other.
We now observe that
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(α+ β)a+b+1m⊗ n =
(
a+b+1∑
k=0
(
a+ b+ 1
k
)
αa+b+1−kβk
)
(m⊗ n)
=
a+b+1∑
k=0
((
a+ b+ 1
k
)
αa+b+1−kβk · (m⊗ n)
)
=
a+b+1∑
k=0
(
a+ b+ 1
k
)(
(αa+b+1−km)⊗ (βkn)) (use equation (†)),
= 0.
(The last equality holds since for all k with 0 ≤ k ≤ a+ b + 1 we have that either
a + b + 1 − k ≥ a OR k ≥ b). It follows that M ♯ ⊗K N is a generalized Eulerian
S-module.
We note the elements X1 − Y1, · · · , Xn− Yn, ∂1 + δ1, · · · , ∂n + δn commute with
each other. By proof of [1, Theorem 1.6.6] for all ν ≥ 0 we have a degree zero
isomorphism of vector spaces
TorAn(K)ν (M
♯, N) ∼= Hν(X1 − Y1, · · · , Xn − Yn, ∂1 + δ1, · · · , ∂n + δn;M ♯ ⊗K N).
(the latter is Koszul homology of M ♯ ⊗K N with respect to commuting operators
X1 − Y1, · · · , Xn − Yn, ∂1 + δ1, · · · , ∂n + δn).
Consider the change of variables
Zi = Xi + Yi Wi = Xi − Yi for i = 1, . . . , n.
We note that
∂
∂Zi
=
1
2
(
∂
∂Xi
+
∂
∂Yi
)
.
7.2. Thus for all ν ≥ 0 we have an isomorphism of graded K-vector spaces,
Hν(X1 − Y1, · · · ,Xn − Yn, ∂1 + δ1, · · · , ∂n + δn;M ♯ ⊗K N)
∼= Hν(W1, . . . ,Wn, ∂/∂Z1, . . . , ∂/∂Zn : M ♯ ⊗K N).
The result now follows from Theorem 1.8(3). 
Immediately we get the following result which contains Theorem 1.2 as a special
case.
Theorem 7.3. Let K be a field of characteristic zero. Let R = K[X1, . . . , Xn] be
standard graded. Let T ,G be graded Lyubeznik functors on ∗Mod(R). Fix ν ≥ 0.
Then TorAn(K)ν (F(R)♯,G(R)) is a finite dimensional, graded K-vector-space con-
centrated in degree −n
Proof. By Lyubeznik [3, 2.9], we get that F(R),G(R) are holonomic An(K) mod-
ules. So by [1, 1.6.6] we get that TorAn(K)ν (F(R),G(R)) is a finite dimensional
K-vector space.
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By 1.7 we get that F(R),G(R) are generalized Eulerian An(K)-modules. The
result now follows from Theorem 7.1. 
8. Conjecture 1.5
In this section we give evidence which supports our conjecture 1.5.
8.1. We first recall the proof by Bjo¨rk which shows that if M,N are holonomic
An(K)-modules then Ext
ν
An(K)(M,N) is a finite dimensional K-vector space for all
ν ≥ 0.
• Step-1: Consider the dual of M namely M † = ExtnAn(K)(M,An(K)). Then
M † is a right holonomic An(K)-module, see 7.12, Chapter 2, [1].
• Step-2: For all ν ≥ 0 there is an isomorphism (see 7.15, Chapter 2, [1]):
ExtνAn(K)(M,N)
∼= TorAn(K)n−ν (M †, N).
It now follows from Theorem 6.6, Chapter 1, [1]; that ExtνAn(K)(M,N) is a finite
dimensional K-vector space for all ν ≥ 0.
Remark 8.2. IfM,N are graded holonomic An(K)-modules then the isomorphism
in Step 2 is homogeneous of degree zero. This can be seen by inspecting the
proof; (also note the isomorphism given in Proposition 4.14, Chapter 2, [1] is also
homogeneous of degree zero).
We first indicate another conjecture which solves our conjecture 1.5.
Conjecture 8.3. Let M be a non-zero, left, holonomic, graded, generalized Euler-
ian An(K)-module. Then
♯M †(+n) is a left generalized Eulerian An(K)-module.
Remark 8.4. We recall that if N is a right An(K)-module then
♯N is the standard
left module associated to N .
8.5. We now show
How Truth of Conjecture 8.3 implies validity of Conjecture 1.5. Set L = ♯M †.
Then L♯ =M †. Also note that L(+n)♯ ∼= L♯(+n).
If L(+n) is generalized Eulerian then by Theorem 7.1 we get that for all ν ≥ 0 the
finite dimensional K-vector space Tor
An(K)
n−ν (L
♯(+n), N) is concentrated in degree
−n. It follows that TorAn(K)n−ν (L♯, N) is concentrated in degree 0.
So Tor
An(K)
n−ν (M
†, N) is concentrated in degree 0.
By 8.1(Step 2) we get the result. 
8.6. Convention. Set D = An(K). Let
lD (and Dr) be D considered as a left
D-module (right D-module). Similarly let lR (and Rr) be R considered as a left
D-module (right D-module).
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8.7. Let us recall the following well-known facts.
(i) Let M be a left D-module. Then HomD(M,D) is a right D-module with D-
action given as follows: Let f ∈ HomD(M,D) and d ∈ D. Define fd : M → D
(fd)(m) = f(m)d for all m ∈M.
(ii) The map ψ : HomD(
lD,D) → Dr defined by ψ(f) = f(1) is an isomorphism
(as right D-modules).
Lemma 8.8. [with notation as in 8.1 and 8.6]
(lR)† ∼= Rr(−n).
Proof. It is well known that the Koszul complex (K) of lD with respect to ∂1, . . . , ∂n
is acyclic. Note H0(K) =
lR. So K is a free resolution of lR (as left D-modules).
We note that Kn =
lD(+n) and Kn−1 =
lD(+(n− 1))n.
We consider the complex K∗ = HomD(K, D). Ignoring shifts it is elementary to
see that Hn(K∗) = Rr. As shifts are vital to us, we note that K∗n = D
r(−n). Thus
Hn(K∗) = Rr(−n).
Finally note that ExtnD(
lR,D) = Hn(K∗) = Rr(−n). 
Example 8.9. Let T be a graded Lyubeznik functor on ∗Mod(R). Then de Rham
cohomology module Hj(∂, T (R)) is concentrated in degree −n (see 4.3). We note
that we have an isomorphism of graded K-vector spaces
( i) Hν (∂, T (R)) ∼= TorDn−ν(Rr, T (R)).
It follows that TorDn−ν(R
r, T (R))(−n) is concentrated in degree zero. By 8.1(2) we
have a graded isomorphism
ExtνD(
lR, T (R)) ∼= TorDn−ν(( lR)†, T (R)).
By Lemma 8.8 we get that ( lR)† ∼= Rr(−n). Thus we have a graded isomorphism
ExtνD(
lR, T (R)) ∼= Hν (∂, T (R)) (−n)
Thus ExtνD(
lR, T (R)) is concentrated in degree zero.
8.10. Evidence for validity of Conjecture 1.5: Fix ν ≥ 0. Suppose there exists
m ∈ Z such that ExtνD(M,N) is concentrated in degree m for all left, graded,
holonomic, generalized Eulerian D-modules M and N . We show that necessarily
m = 0.
(1) ν = 0 : LetM be a a non-zero left, graded, holonomic, generalized Eulerian
D-module. Then the identity map 1M ∈ HomD(M,M) and is non-zero.
(2) ν = 1 : Let f be an irreducible polynomial in R. Let P = (f). Consider
the exact sequence of R-modules:
(*) 0→ lR→ lRf → H1P (R)→ 0.
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It is easily verified that this is in fact an exact sequence of left D-modules.
If (*) is split sequence of D-modules then it is split as R-modules. In
particular we get that P is an associate prime of Rf , a contradiction. Set
M = H1P (R) and N =
lR. Then the exact sequence (*) is a non-zero
element in Ext1D(M,N)0.
(3) ν = n : Let Nn = H
n
m
(R). Then by [5, Theorem 2.4] it follows that
Hn(∂,Nn) = K (in degree −n). So we have that ExtnD( lR,Nn) is non-zero
and concentrated in degree 0.
(4) ν = n − 1 : Set Pn−1 = (X1, . . . , Xn−1). Set Nn−1 = Hn−1Pn−1(R). Then by
[5, Theorem 4.3] it follows that Hn−1(∂,Nn−1) = K (in degree −n). So we
have that Extn−1D (
lR,Nn−1) is non-zero and concentrated in degree 0.
(5) 1 ≤ ν ≤ n − 2. Set Pν = (X1, . . . , Xν). Set Nν = HνPν (R). Then by
techniques similar to [5, Theorem 2.4], [5, Theorem 4.3] (and a little tedious
induction) it follows that Hν(∂,Nν) = K (in degree −n). So we have that
ExtνD(
lR,Nν) is non-zero and concentrated in degree 0.
(6) ν = 2. Let I be a graded ideal of height g such that HiI(R) = 0 for i > g+1
and Hg+1I (R) = E(n)
a for some a ≥ 1 (for a specific example see example
6.1 in [7]). Note HgI (R) is non-zero and say has associate primes P1, . . . , Pc.
Then note that Pi are the minimal primes of I of height g (in particular
they are graded and not equal to m). Let f ∈ m \ ∪ci=1Pi be homogeneous.
We have an exact sequence of R-modules (and also of D-modules)
( **) 0→ HgI (R)→ HgI (R)f → Hg+1(I,f) → E(n)a → E(n)af = 0.
Clearly we have that (∗∗) is an element of Ext2D(E(n)a, HgI (R))0. I believe
it is non-zero. Unfortunately I do not know how to show it.
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